Abstract. We prove two transformations for the p-adic hypergeometric series which can be described as p-adic analogues of a Kummer's linear transformation and a transformation of Clausen. We first evaluate two character sums, and then relate them to the p-adic hypergeometric series to deduce the transformations. We also find another transformation for the p-adic hypergeometric series from which many special values of the p-adic hypergeometric series as well as finite field hypergeometric functions are obtained.
Introduction and statement of results
For a complex number a, the rising factorial or the Pochhammer symbol is defined as (a) 0 = 1 and (a) k = a(a + 1) · · · (a + k − 1), k ≥ 1. For a non-negative integer r, and a i , b i ∈ C with b i / ∈ {. . . , −3, −2, −1}, the classical hypergeometric series r+1 F r is defined by r+1 F r a 1 , a 2 , . . . , a r+1 b 1 , . . . ,
which converges for |λ| < 1. Throughout the paper p denotes an odd prime and F q denotes the finite field with q elements, where q = p r , r ≥ 1. Greene [16] introduced the notion of hypergeometric functions over finite fields analogous to the classical hypergeometric series. Finite field hypergeometric series were developed mainly to simplify character sum evaluations. Let F × q be the group of all multiplicative characters on F × q . We extend the domain of each χ ∈ F × q to F q by setting χ(0) = 0 including the trivial character ε. For multiplicative characters A and B on F q , the binomial coefficient Some of the biggest motivations for studying finite field hypergeometric functions have been their connections with Fourier coefficients and eigenvalues of modular forms and with counting points on certain kinds of algebraic varieties. Their links to Fourier coefficients and eigenvalues of modular forms are established by many authors, for example, see [1, 10, 13, 14, 15, 23, 28, 29] . Very recently, McCarthy and Papanikolas [30] linked the finite field hypergeometric functions to Siegel modular forms. It is well-known that finite field hypergeometric functions can be used to count points on varieties over finite fields. For example, see [3, 4, 14, 20, 24, 31, 32, 33] .
Since the multiplicative characters on F q form a cyclic group of order q − 1, a condition like q ≡ 1 (mod ℓ) must be satisfied where ℓ is the least common multiple of the orders of the characters appeared in the hypergeometric function. Consequently, many results involving these functions are restricted to primes in certain congruence classes. To overcome these restrictions, McCarthy [25, 26] defined a function n G n [· · · ] q in terms of quotients of the p-adic gamma function which can best be described as an analogue of hypergeometric series in the p-adic setting (defined in Section 2).
Many transformations exist for finite field hypergeometric functions which are analogues of certain classical results [16, 27] . Results involving finite field hypergeometric functions can readily be converted to expressions involving n G n [· · · ]. However these new expressions in n G n [· · · ] will be valid for the same set of primes for which the original expressions involving finite field hypergeometric functions existed. It is a non-trivial exercise to then extend these results to almost all primes. There are very few identities and transformations for the p-adic hypergeometric series n G n [· · · ] q which exist for all but finitely many primes (see for example [6, 7, 8] 0, 0
We note that the finite field analogue of Kummer's linear transformation was discussed by Greene [17, 
A finite field analogue of (1.3) was studied by Greene [17, p. 94, Prop. 6.14] . In [12] , Evans and Greene gave a finite field analogue of the Clausen's classical identity. We prove the following transformation for the n G n -function which can be described as a p-adic analogue of (1.3). Let δ be the function defined on F q by
Theorem 1.3. Let p be an odd prime and x ∈ F p . Then, for x = 0, 1, we have
We also prove the following transformation using Theorem 1.1 and [16, Thm. 4.16]. Theorem 1.4. Let p be an odd prime and x ∈ F q . Then, for x = 0, ±1, we have
The following transformation is a finite field analogue of (1.4). Theorem 1.5. Let p be an odd prime and q = p r for some r ≥ 1 such that q ≡ 1 (mod 4). Then, for x = 0, ±1, we have
Using Theorem 1.4 and Theorem 1.5, one can deduce many special values of the p-adic hypergeometric series as well as the finite field hypergeometric functions. For example, we have the following special values of a n G n -function and its finite field analogue. Theorem 1.6. For any odd prime p, we have
For p ≡ 1 (mod 4), we have
where x 2 + y 2 = p and x is odd.
We also find special values of the following n G n -function.
The following theorem is a finite field analogue of Theorem 1.7.
In section 3 we prove two character sum identities and then use them to prove Theorem 1.1, Theorem 1.3, and Theorem 1.4. We also prove Theorem 1.5 in section 3. In section 4 we prove Theorem 1.6, Theorem 1.7 and Theorem 1.8.
Notations and Preliminaries
Let Z p and Q p denote the ring of p-adic integers and the field of p-adic numbers, respectively. Let Q p be the algebraic closure of Q p and C p the completion of Q p . Let Z q be the ring of integers in the unique unramified extension of Q p with residue field F q . We know that χ ∈ F × q takes values in µ q−1 , where µ q−1 is the group of (q − 1)-th roots of unity in C × . Since Z × q contains all (q − 1)-th roots of unity, we can consider multiplicative characters on F × q to be maps χ :
We now introduce some properties of Gauss sums. For further details, see [9] . Let ζ p be a fixed primitive p-th root of unity in Q p . The trace map tr :
For χ ∈ F × q , the Gauss sum is defined by
Now, we will see some elementary properties of Gauss and Jacobi sums. We let T denote a fixed generator of
Let δ denote the function on multiplicative characters defined by 
The following are character sum analogues of the binomial theorem [16] . For any A ∈ F × q and x ∈ F q we have
We recall some properties of the binomial coefficients from [16] . We have 
Now, we recall the p-adic gamma function. For further details, see [22] .
for x = 0, where x n runs through any sequence of positive integers p-adically approaching x. This limit exists, is independent of how x n approaches x, and determines a continuous function on Z p with values in Z × p . For x ∈ Q we let ⌊x⌋ denote the greatest integer less than or equal to x and x denote the fractional part of x, i.e., x − ⌊x⌋, satisfying 0 ≤ x < 1. We now recall the McCarthy's p-adic hypergeometric series n G n [· · · ] as follows. 
Let π ∈ C p be the fixed root of x p−1 +p = 0 which satisfies π ≡ ζ p −1 (mod (ζ p − 1)
2 ). Then the Gross-Koblitz formula relates Gauss sums and the p-adic gamma function as follows.
Theorem 2.5. ([19, Gross-Koblitz]). For a ∈ Z and q
The following lemma relates products of values of p-adic gamma function.
Lemma 2.6. ([7, Lemma 3.1])
. Let p be a prime and q = p r . For 0 ≤ a ≤ q − 2 and t ≥ 1 with p ∤ t, we have
We now prove the following lemma which will be used to prove our results.
Lemma 2.7. Let p be an odd prime and q = p r . Then for 0 ≤ a ≤ q − 2 and 0 ≤ i ≤ r − 1 we have 
and 3p
Putting the above values for different values of s we readily obtain (2.5). The proof of (2.5) is similar when p i ≡ 3 (mod 4).
Proofs of the main results
We first prove two propositions which enable us to express certain character sums in terms of the p-adic hypergeometric series. 
Proof. Applying (2.3) and then (1.1) we have
Since p is an odd prime, taking the transformation y → 2y we obtain
from which we readily obtain the first identity of the proposition.
To complete the proof of the proposition, we relate the above character sums to the p-adic hypergeometric series. From (1.1), Lemma 2.2, and then using the facts that δ(χ) = 0 for χ = ε, δ(ε) = 1 and g(ε) = −1, we deduce that
Now, taking χ = ω a we have
Using Davenport-Hasse relation for m = 2 and ψ = ω 2a we obtain
.
Applying Gross-Koblitz formula we deduce that
Using Lemma 2.6 for t = 4 and t = 2, we deduce that
Finally, using Lemma 2.7 we have
This completes the proof of the proposition.
Proposition 3.2. Let p be an odd prime and x ∈ F q . Then, for x = 1, we have
Proof. From (1.1) and then using Lemma 2.2, we have
From Lemma 2.1, we have g(ϕ) 2 = qϕ(−1). Since δ(χ) = 0 for χ = ε, δ(ε) = 1 and g(ε) = −1, (3.1) yields
Using Lemma 2.2 and then (1.1) we obtain
From (2.4), we have
Applying (1.1) on the right hand side of (3.5), and then (2.2) we have
Adding and subtracting the term under summation for y = 1, we have
Combining (3.2) and (3.6) we readily obtain the first equality of the proposition.
To complete the proof of the proposition, we relate the character sums given in (3.2) to the p-adic hypergeometric series. Using Davenport-Hasse relation for m = 2, ψ = χ 2 and m = 2, ψ = χ, we have
respectively. Plugging these two expressions in (3.2) we obtain
Now, considering χ = ω a and then applying Gross-Koblitz formula we obtain
where
Proceeding similarly as shown in the proof of Proposition 3.1, we deduce that
Before we prove our main results, we now recall the following definition of a finite field hypergeometric function introduced by McCarthy in [27] .
* finite field hypergeometric function over F q is defined by
The following proposition gives a relation between McCarthy's and Greene's finite field hypergeometric functions when certain conditions on the parameters are satisfied. 
In [26, Lemma 3.3] , McCarthy proved a relation between n+1 F n (· · · ) * and the p-adic hypergeometric series n G n [· · · ]. We note that the relation is true for F q though it was proved for F p in [26] . Hence, we obtain a relation between n G n [· · · ] and the Greene's finite field hypergeometric functions due to Proposition 3.4. In the following proposition, we list three such identities which will be used to prove our main results.
We note that (3.7) is valid when q ≡ 1 (mod 4). Finding special values of hypergeometric function is an important and interesting problem. Only a few special values of the n G n -functions are known (see for example [8] ). In [8] [4, 5] , Evans and Greene [11] , Greene [16] , Kalita [21] , and Ono [31] .
Proof of Theorem 1.6. Let λ ∈ {−1, From the above identity we readily obtain the required value of the finite field hypergeometric function. This completes the proof of the theorem.
We now have the following corollary. 
